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1. Introduction

A set X equipped with a countable number of topologies
{J,.} satisfying J,, € Jn4+1, n € N is called an (w)topological space ([1],
[2]) and is denoted by (X {J,.}). In [3] we provide the motivation for
studying such spaces along with that we study the notions of
connectedness and hyperconnectedness in an (w)topological space,
while in [5] we deal with compactness and paracompactness in a
product (w)topology. The notion of almost regular topological spaces
was introduced by Singal and Arya [4]. In this paper we introduce the
notion of almost regularity in (w)topological spaces. We call it almost
(w)regularity. A set of characterizations of almost (w)regularity is
obtained (Theorem 3.8). Among other results, we prove that the product
of arbitrary collection of (w)topological spaces is almost (w)regular iff
each factor space is almost (w)regular (Theorem 3.11).

2. Preliminaries

The set of natural numbers and the set of real numbers are denoted
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by N and R respectively. The elements of N are denoted by j, j, k
1, m, netc. The closure (resp. interior) ofaset A < X with respect
to a topology J on X is denoted by (J)clA (resp. (J)intA) and the
subspace topology of J on A is denoted by J|A.

Throughout the paper, unless mentioned otherwise, X denotes the
(w)topological space (X, {J,.}). For ready reference we give here the
following definitions from Bose and Tiwari [1].

Definition 2.1. A set G (c X) €],, for some nis called an (w)open set.
A set F is said to be (w)closed if X' - F is (w)open. Aset A c X is said
to be (w)dense in X if for every nonempty (w)openset G, ANG # Q.

Definition 2.2. X'is said to be (w)Hausdorff if for any two distinct
points x, yof X, there exists an n such that for some U, V € J,,, we
have xe U, ye Vand Un V= Q.

Definition 2.3. X is said to be (w)regular if given an (w)closed set F
and a point x € X with x ¢/ F, there exists an n such that for some I, V
€J,, we have xe U, Fc Vand Un V= 0.

Definition 2.4. X'is said to be (w)compact if every (w)open cover of X
has a finite subcover.

3.Almost (w)regular spaces
We introduce the following definitions.

Definition 3.1. If an (w)open set G is regularly (J,)open for some n,
then it is said to be a regularly (w)open set. G is said to be strongly
regularly (w)open if it is regularly (J,)open for all n. An (w)closed set
F is said to be regularly (w)closed if it is regularly (J,,)closed for some
n. F is said to be strongly regularly (w)closed if it is regularly
(J)closed for all n.

Obviously a set 4 is regularly (w)closed iff it is the complement of a
regularly (w)open set.

Definition 3.2. X is said to be almost (w)regular if for any regularly
(w)closed set F and any point x with x ¢/ F, there exists an n such that
for some U, Ve],, wehave x€ U Fc Vand Un V= Q.

Example 3.3. Let us consider the (w)topological space (X {J,,}) where
X= N and the topological space J,, is defined as follows:

Jio = N1}
Jo, = {0,N,{1},{1,2}}and in general,

Page | 75

Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed)



Research Guru Volume-12, Issue-1(June-2018) (ISSN:2349-266X)

I, = {0,N{1},{1,2},{1,2,3},..{1,2,.. )} for all n.

Then we see that this (w)topological space X is almost (w) regular,
however, it is not (w)regular.

Definition 3.4. X is said to be semi-(w)regular if for any xe Xand
any (w)open set ¢ with x € G, there exists an n2 such that for some
regularly (J,,)open set H, we have x€ HcgG.

Example 3.5. (Bose and Tiwari [1]) Let us consider the increasing
sequence {J,,} of topologies on N defined by J,={N} U P{1,2,3,.., n},
where P{1, 2, 3, .., n} denotes the power set of the set {1, 2,3, .., n}.
Then the (w)topological space (N, {Jn}) is semi-(w)regular but not
(w)regular.

Definition 3.6. X is said to be an (w)Urysohn space if for any two
distinct points x, y € X, there exists an n such that for some U, V €
J., Wwe have x€e U, ye€ Vand (J,)clUN (Jp) clV = 0.

The (w)topological space in Example 3.5 is (w)Hausdorff but not
(w)Urysohn.

Definition 3.7. X'is said to be almost (w)compact if every (w)open
cover U= {U«| a € A} of X has a finite subcollection Uo = {U,_,

Ug,, Uq, } With Ui”zl((]no) clUq,) = X, where no is any natural
number such that Uo CJy,, .

Example 3.5 gives us an (w)topological space which is almost
(w)compact but not (w)compact.

Theorem 3.8. For the (w)topological space X, the following
statements are equivalent.
(i) Xis almost (w)regular.
(i) For any point x € X and any regularly (w)open set H
with x € H, there exists an n such that for some (J,,)open set
G, we have x€ Gc (J,)c/G CHA.
(iiiy For any point x€ X and any regularly (w)open set H
with x € H, there exists an n such that for some regularly
(Jn)open set G, we have xe Gc (J,)c/G c H.

(iv) For any point x € Xand any (w)open set Hwith x eH€],,,
there exists an n such that for some regularly (J,,)open set
G, we have xe G c (J,) clGe (J) int((J) cIH).

(v) For any point xe X and any (w)open set H with xe HeJ,,,
there exists an n such that for some (J,,)open set G, we

have x € Gc (J,)clG c (J,n) int((J,n) cIH).
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For any point x € X and regularly (w)closed set Fwith x¢/

F, there exists an n such that for some G, H € J,,, we have
x€G F cHand (J,)cdG N(J,) clH=\.

Every regularly (w)closed set Fis expressible as the

intersection of some regularly (w)closed neighbourhoods of F.
Every regularly (w)closed set Fis identical with the intersection of
all (w)closed neighbourhoods of F.

For any set A c Xand any regularly (w)open set G with

AN G#Qthere exists an n such that for some (J,,)open set

H, we have AnH # §(Jn)clH cG.

For any nonempty set A < X and any regularly (w)closed set F
with AnF =0, there exists an n such that for some (J,,)open sets
G and H we have AN G #g FcHand GN H= Q.

Proof. (i) = (ii): Obvious.

(i) = (in): Let Hbearegularly (w)open set with x e H.
By (ii), there exists an n such that for some (J,)open set B,
we have x € B c (JocB c H We put G =
U int((n)clB). But (J)c((Jn)int((J,)clB)) = (Jn)clB.
Therefore, x€ Gc (J,)c/G < H and G is regularly (J,,)open.

@iii) = (iv): Let H be an (w)open set with x € H
€ Jn- If B = (Juint((Jm)clH), then B is a regularly
(Jmopen set with x € B. Therefore by (iii), there exists an n
such that for some (J,,)open set G, we have

X€ G (Ju)cIG € B = (J)int((Jm) c/H).

(iv) = (v): Obvious.

(v) = (vi): Let F be aregularly (w)closed set F with xg/ F
and let X—F €]J,,. Then B = X — F is a regularly (w)open set
with x€ B and B €],,. By (v), there exists a p such that for some
(Jp)open set D,

xeDc (Jp)clDc (Jn)int((Jm)cIB) = B.
If A= (J,)int((J,)cID), then A is a regularly (J,)open set

such that x € A c (J,)clA c B. Again by (v), there exists an / such
that for some (J;)open set G, we have xe Gc (J))clGc A. It H= X
—(Jp)clA, then He]J, and F c H.

Now

Jp)clH = (Jp) (X~ (Jp) clA)
c (Jp)c(X—-A).

= X— A
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Again (J;) c/G c A. Therefore, (J;) /G N (Jp)clH = §. Let n = max(/, p).

Then G, He],,, x€ G, Fc H and (J,,)cIlGn (J,,) c/H = 0.
(vi) = (vii): Let Fbe aregularly (w)closed set and x ¢/ F.

By (vi), there exists an nx € /V such that for some Gx, Hx €J,,
we have x €Gy, FC Hx and (J,, ) c/Gx N (Jp, ) clHx = 0. It then
follows that F =N xg F (Jn, )/ Hx. Also each (J,, )c/ Hx is a
regularly (w)closed neighbourhood of £

(vii)= (viii): Obvious.

(viii)= (ix): Let 4 be a nonempty set and G be a regularly (w)open

set with AN G +@. X— Gis aregularly (w)closed set. Therefore by

(viii),
X — G = ﬂ M,
ver
here each M,, is an (w)closed neighbourhood of X — G. Let x€ ANG.
Then x & X-G, so there exists a y such that x ¢/ M,,. Again there exists
an /such that for some (J;)open set D, we have X— G c D c M,,. The
set H = X—-M,, is (J,,)open for some m and x € A. Let n = max(/,
m). Then () c/H = (Ju) (X = My) c (Ju) (X —=D) c (J)) cl(X -
D)= X-Dc G.Also His (J,)open and AN H # .

(ix) =(x): Let A be a nonempty set and F be a regularly
(w)closed set with A N F= @. The set B = X — Fis regularly
(w)open with 4 N B+, then there exists an n such that for some
(Jn)open set ¢ with An G+0, we have (J,)c/G c B. The set H =
X—=JunclGis (Jp)open with F = X—Bc Hand Gh H= Q.

(X)= (i): Let Fbe a regularly (w)closed set and x ¢/ F. Then we have
{x} nF=0. Therefore by (x), there exists an n such that for some G, H€ J,,
{x}n G#0, e x€ G, Fc Hand GhnH=(. Hence X is almost (w)regular.
O

Theorem 3.9. Any (w)dense subspace Y of an almost (w)regular space X
is almost (w)regular.

Proof. For any subset £ of Yand for any n, we have

Jnl ) int((Jul V) clE) = (Jn)int((Jn)clE)NY. (1)

We consider a regularly (w)open subset A of (Y, {J,| YD with y € AH.
Thenforsome m, (J.| V) int((J.| Y)c/H) = H. Therefore by (1), H

= (Jint(J)clH) n Y. But (J,,)int((J,,)c/H) is a regularly
(Jn)open subset of X. By the almost (w)regularity of X, there

exists, for some /, a (J,)open set G such that y € Gc (J))c/G c
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H So ye Gc (J;)|Y)clGc H. Againsince G is (J)open, itis (J;| Y
)open. Hence Y is almost (w)regular. o

Theorem 3.10. If Y is a strongly regularly (w)open subspace of an
almost (w)regular space X, then Y is almost (w)regular.

Proof. Let H be a regularly (w)open subset of (Y, {],|Y?}) with yeH.

Then for some m, we have

H = (n|Vint((JnlY)cdH)
2 (Jm) int((Jm) cIH)N(Jm) intY. (2)

Since Hc Yand since Y is strongly regularly (w)open, we have

Um) int((Jm) c/H) < (Jm) int((Jm)clY) = Y

= H 2 (Jm) Int((Jm) cIH)  (by (2))

= H = (Jm) Int((Jm) c/H).
Hence A is a regularly (w)open subset of X with y € H. Since X is
almost (w)regular, there exists an n such that for some (J,,)open set G,

we have y € Gc (J,)clGc H. Then G is (J,| Y)open. Thus it follows
that y € G c (J,|Y)clG c H. Hence Yisalmost (w)regular. o

Let {(Xq {Ja})|ax € A} be a family of (w)topological spaces and for
each n, let P,be the product topology on []J,eaX, Of the product
topologies Jn, a € A. Then ([lgeaXa {Pn}) IS called the product
(w)topological space of the spaces {(X,, {J5}), a € A.

Theorem 3.11. The product space ([lgeaXa {Pn}) Iis almost
(w)regular iff each of the factor spaces (X, {J5}) are almost
(w)regular.

Proof. Firstly, we suppose each (X, {J3} ) is almost (w)regular. Let B be any
Let B be any (w)open subset of (X {P,}) where X =[],caX, and let B
contain a point x = (x,) € X. If B € Py, then there exists a set D € P;, with
the following properties: (i) D is of the form [] D, where D, = X, for all «
except for a finite number of indices a;,a,,...,a;, and D, € ]f‘i for i =
1,2,...,k, (i) x € D c B. Then x,, € D,,. Since each (X4, {J,'} ) is almost
(w)regular, by Theorem 3.8 there exists an n(a;) € N such that for some

Gg, € ]Z‘i(ai), we have

Xq; € Gy, C (]f:i(ai)) clGy, < (J;")int ((];’i)chai).

If n = max(n(a,),n(az),...,n(ax)), then G, € J', i = 1,2,..., k and from
above, we get

Yoy € Gay © (IN)clG, (I )int ((§)elDe, ).
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We now write G, = X, for @ # a; and G = [[geaG,- Then G € P,, and
x €QG.

Again,
6 < (PG = | [0Detc,

a€EA

c [ Jomme(amene)

a€A
= (Pint((PYcl([laeaDa))
= (P,)int((P,)ch) c (P,)int((Pl)clB).
Hence the product space is almost (w)regular.

Conversely, let X = [],ea X, is almost (w)regular. We consider one
factor space X, and a G, € J° for some n. Suppose G, cONtains the point
Xay € Xay-

For a # a,, we write G, = X, and G = [[4e4 G, Then G € P,. We choose
Xq € Xo(a # ay) arbitrarily and write x = (x,). Since x € G and X is almost
(w)regular, there exists by Theorem 3.8, an m such that for some H € P,,,, we
have

x €H c (Pp)clH c (Py)int((P,)cl G).

We may take A in the form [],e4 H, Where H, = X, for all a except for a
finite number of indices ay, @4, ..., a, and Hy, € Jol, fori =0,1,...,n. Then

Xq, € Hyy © (Jy?)clHy, < (J3°)int((J5°)clGy,).
Hence X, is almost (w)regular. o

Theorem 3.12. If K is an almost (w)compact subset and F is a
regularly (w)closed subset of an almost (w)regular space X with Kn F
= @, then there exists an n2 such that for some U, I €],,, we have Kc
UFcVandUnV =49.

Proof. Since X isalmost (w)regular, by Theorem 3.8, for x € K, there
existsan nx€ N such that for some Gx Hx €], , we have x €Gx
FcHy and (J,)clGx N (Jn, )clHx = 0. Then the collection G= {Gxn
K| x € K} is an (w)open cover of (K, {J,|K}). Since K is almost
(w)compact, G has a finite subcollection Gi such that K =
U{(Jn, | K) cIG] G € Gi} where o is any natural number such that G c

Jngy- SUppOSe Gy, NKE€G, 1= 12, .., k. Therefore,

K < U?:l(]no)ClGxi
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c X — N 1(Jny )clHy, = U(say).
Again F ¢ N, Hy, = V(say). Also U, V€], and UnV=9. O
Theorem 3.13. The (w)topological space Xis (w)regular iff it is
both almost (w)regular and semi-(w)regular.

Proof. We only prove the ‘if” part. The other part is obvious.

Let x € Xand G be an (w)open set with x € G. Since X is semi-
(w)regular, there exists an n2 such that for some regularly (J,,)open set H,
we have

x€H= (Jpint((Jn)clH) € G.

Again since X is almost (w)regular, by Theorem 3.8, there exists an m
such that for some D € J,,, we have,

x€ DE(J) clD< (J,) int((J) cIH)
=>x€D c(JcDcaG.

Hence X is (w)regular. o
Theorem 3.14. If X is almost (w)regular and (w)Hausdorff,
then it is an (w)Urysohn space.

Proof. Let x and y be two distinct points of X. Since X is
(w)Hausdorff, there exists an n such that for some G, H € J,, we have
xeEG yeHand GNH=0ButGnH = 0= (Jo)cdlGn H = 0.
So y & (Jn) clG. Therefore, by almost (w)regularity of X, there exists
an m such that for some D € ], we have y e Dc (Jp)cIDc X —
JclG. So (J)clGN (J) cID = 0. If I = max(im, n), then (J;)cIG N
(J)cID =10. Also G, DeJ;and xe G, ye D. O
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